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Abstract 
A compactification (YX of a locally compact Hausdorff space X is said to be singular if crX \ X 
is a retract of ox. Suppose that S is a class of locally compact, noncompact Hausdorff spaces, 
and that K is a collection of compact Hausdorff spaces. A general question about the existence 
of singular compactifications is the following: For what classes S and K is it true that each 
compactification of X E S having a remainder CUX \ X E K is singular? In this paper we consider 
a collection S, which contains the zero-dimensional spaces, and prove, among other things, that 
in this case K can be taken to be all products of compact metric spaces. In the process we have a 
variant of the well known result of Sierpinski that in a separable metric space X, a closed subset 
A having a zero-dimensional complement is a retract of X. 
Keywords: Compactifications; Singular compactifications; Remainders; Zero-dimensional; Locally 
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1. Introduction 
Among compactifications of a locally compact Hausdorff space, the so called singular 
compactifications are the simplest. A compactification CWX of X is said to be singular 
provided CUX \ X is a retract of crX. So clearly the Alexandroff one-point compactifi- 
cation, the simplest of all possible compactifications, is singular. The interest in singular 
compactifications stems from the fact that they all are in some ways similar to the one- 
point compactification and, although most compactifications are not singular, usually 
those which can be effectively constructed turn out to be. Furthermore, there is a close 
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relationship between the properties of a space X and a remainder aX \ X when aX is 
singular. 
The collection of singular compactitications forms a complete lower subsemilattice of 
the lattice of compactifications. It is, however, almost never an upper lattice (general 
information on singular compactifications can be found in [4,6]). 
Although some general classes of compactifications are known to be singular (e.g., if 
CUX \ X = (0, 117, then CUX must be singular simply by virtue of the fact that [0, 117 
is an absolute retract), overall very few conditions are known that will guarantee that a 
compactification is singular. 
Definition. Let X be a locally compact space. We will say that a compact space K 
is singular with respect to X if, whenever NX is a compactification of X satisfying 
CYX \ X E K, then CYX is singular. We will say that K is singular with respect to 3, 
where 3 is a class of spaces, if K is singular with respect to every member of 3. 
We first prove that the property of being singular with respect to a given class is 
productive: 
Theorem 1.1. Ifeach of the compact Hausdotffspaces {Kx}xCn is singular with respect 
to 3, then n,,, Kx is also. 
Proof. Assume that crX is a compactifcation of X E 3 having n,,, KJ_ as a remainder. 
Let rrY : n,,, Kx + K.., be the canonical projection from the product onto the 7th factor. 
Let (Y,X = X U K, be given the quotient topology generated by the map fY = i U T-, 
where i is the identity on X. Clearly o,X is a Hausdorff compactification of X having 
K, as a remainder. By hypothesis, there exists a retraction r-, : a,X + KY witnessing 
to the fact that cy,X is singular. Define h, = ry o f,, and let T = AACnhA : CYX + 
nxCK. Kx be the diagonal map. Clearly T is a retraction from CYX onto n,,, Kx, so 
that crX is singular. •I 
In Section 2 of this paper we introduce a class P of spaces, properly including the 
class of locally compact zero-dimensional spaces, and we prove that any product of 
compact zero-dimensional metric spaces is singular with respect to P. In Section 3 we 
will prove that all product of compact metric spaces are singular with respect to the class 
of zero-dimensional locally compact spaces. 
All spaces considered in the paper are Hausdorff and locally compact. The notation 
generally conforms to [3]. 
2. Spaces with singular 2-point compactifications 
We denote by P the class of locally compact spaces which satisfy the following 
property: if V c X is open and its boundary is compact, then there exists a clopen 
VI c X such that V LI VI is relatively compact. 
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Theorem 2.1. If X is locally compact, then X E P if and only tf every 2-point com- 
pactification of X is singular 
Proof. Suppose that CYX is a 2-point compactification of X with aX \ X = {p, q}. There 
are disjoint open sets U, W in aX with p E U and q E W. Let V = W n X. Since 
axV c oX\(UUV), axV is compact. If VI is a clopen set in X with VA VI relatively 
compact, then we may define a retraction T: CUX + crX \ X by setting r(x) = p if 
z E cwX \ VI and r(x) = q otherwise. 
Conversely, suppose V is an open set with compact boundary. If V (respectively Vc) 
is relatively compact, let VI = 0 (respectively X). Otherwise, let U = X \ Clx(V). 
By [ 121, it is possible to construct a 2-point compactification crX = X U {p, q} such 
that V’ = {p} U V and U’ = {q} U U are neighborhoods of p and q respectively. Since 
that compactification is singular, there exist complementary clopen subsets W’ and W” 
of crX containing p and q respectively. Then E = aX \ [(W’ n V’) U (W” n U’)] is 
a closed subset of aX so it is compact. Let V, = W’ n X, U1 = W” n X. Clearly, 
E = X \ [(V, n V) u (U, n U)], so it contains VA V,. 0 
Corollary 2.2. For a locally compact space the following are equivalent: 
(i) X E P. 
(ii) If CYX is a compacttfication of X and lJ1, Uz are complementary clopen subsets 
of CYX \ X, then there exist complementary clopen WI, Wz C CYX such that Ui c Wi, 
i = 1,2. 
(iii) If U1, Uz are complementary clopen subsets of PX \ X, then there exist comple- 
mentary clopen W, , Wz C OX such that Vi C Wi, i = 1,2. 
In [2] it was proved that P is exactly the class of spaces such that every compactifi- 
cation is the supremum of a family of singular compactifications. 
Example. It is easy to see that zero-dimensional spaces are in P. Also P contains 
all topological sums of compact spaces and sums of spaces which have no 2-point 
compactification. Moreover, every space of the form [0, 1) x Y, where Y is compact or 
zero-dimensional, belongs to P. 
Let D be the 2-point discrete space. From Theorem 2.1 and Corollary 2.2 it follows 
that: 
Theorem 2.3. If m is any cardinal, then D”’ is singular with respect to P. 
Note that a compactification aX is singular if and only if there exists a map f : X + 
aX \ X such that, for every U open in CYX \ X, U U f-‘(U) is open in CWX. Clearly, 
it is sufficient to take U in a basis or in a subbasis. 
Theorem 2.4. Let X be any space and let {cY,,X},<~ be a countable family of singular 
2-point compactcfkations. Then (YX = sup{cy,X},<, is singular 
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Proof. Let K = aX \ X and for every n < w let 7rTT,, : CUX --t cu,X be the natural map. 
Put a,X \ X = (0, l} and UA = 7r,‘(i) c K, i = 0, 1, n < w. Since every cy,X is 
singular, there exist Ez, EJL complementary open subsets of Q,,X which contain 0 and 1, 
respectively. For each n, put Ai, = 7r7;’ (EA), i = 0, 1, so that Ai, A; are complementary 
open subsets of aX such that A:, n K = U;L, i = 0, 1. Now we will define inductively a 
family { ~Q}M~ of clopen subsets of CUX, such that, if we define W. = aX \ W,” for 
all n, then for each n < w: 
(a) U,“L = K n W,“L, i = 0,l; 
(b) for every (ei, . . , e,) E 2”, (UF’ n n CT;-) = 0 implies (lVF’ n . . . n IV;=) n 
x= 0. 
Clearly (b) is equivalent to 
(b’) for every (et,. . , eTL) E 2n, (WF’ n n IV;?%) n X is noncompact or empty. 
Put Wp = A:. Suppose that, for some n < w we have defined Wp, , W,” which 
satisfy (a), (b). For T < ‘n set V,! = WG n X, so that V,Z is clopen in X. Also, for each 
(ei, , e,,) E 2”, let V, ,,..., e,, = I/l”’ n . n V,;?&. Then, by (b’), for each n < w, the 
V e, ,.,.,e,‘~ are noncompact or empty and the set of nonempty ones give a finite partition 
of X. Put, for i = 0, 1, 
Fi n+1 = (e, ,,ulC2 {A;,,, n V, ,,..., erL I Ah+, n 6. ,,..., e, is compact}. 
, ,% = 
Then F7y+, and F,‘,,, are disjoint compact clopen subsets of X, hence they are clopen in 
ax. Let W,“+l = (AL,, \ FZ,,) ” F,t+, and W,t,l = o!X \ W,“,, = (A:,, \ F,t+,) ” 
FZ,,. Then Wz,, and WA,, are clopen in CWX and they satisfy (a). Clearly, for every 
(er , . , e,) E 2”, and for i = 0, 1, (WF’ n n W;?L n W,Z,+, ) n X = V,, ,_.., e, n WY:+, 
is noncompact or empty. Then (b’) is also satisfied. 
Let z E X. Then (b) implies that the family U, = {Uzn: 5 E Wzyz} has the finite 
intersection property, hence there exists yZ E nZ&. It is easy to see that yZ is the 
only point in that intersection. In fact, since the functions {7r11}7L<w separate points of 
aX \ X, for each z # yj5 there is U;L such that yZ E UA, z 6 UA. Let f : X + K 
be defined by f(x) = yZ, V’z E X. Then for each U$ one has f-‘(Uh) = yt, so that 
U,” Uf-’ (Uh) = W,“L which is open in (YX. Note that the UA’s are a subbasis of CYX \ X. 
In fact, they generate a Hausdorff topology less than or equal to the given topology, so 
the claim follows from compactness. We have proved that crX is singular. 0 
Note. Some restriction is necessary in the cardinality of the family of two-point compact- 
ifications in the previous result, since /3N is the supremum of two-point compactifications. 
Theorem 2.5. Suppose K is the product of compact zero-dimensional metric spaces. 
Then K is singular with respect to P. 
Proof. In view of Theorem 1.1, we can suppose K is a compact zero-dimensional metric 
space. Let X E P and suppose aX \ X 2 K. Then (YX is the supremum of a countable 
family of 2-point compactifications. We can obtain these compactifications by taking a 
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countable clopen basis { Un}n<w for crX \ X and, for each n, collapse U, and Ui to 
points. Then, by Theorems 2.1 and 2.4., crX is singular. 0 
Of course N E P. As might be expected though, results about remainders of N are 
easier to obtain. A result of Sierpinski implies that, if X is a separable metric space and 
A is a closed subset of X such that X \ A is zero-dimensional, then A is a retract of X 
[S, 6.2.B]. It follows that if X is any zero-dimensional (locally compact) space and CYX 
is metrizable, then aX is singular. Therefore, from the weight addition theorem, together 
with Theorem 1.1, one can easily prove that every product of compact metrizable spaces 
is singular with respect to N. 
We will see later that this result can be generalized. 
Note that, if a product of compact metrizable spaces is a remainder of N, then the num- 
ber of nontrivial factors cannot exceed c, thus it is separable. It is easy to see that every 
separable compact Hausdorff space is a remainder in some singular compactification of 
IV. So a natural question is whether separable compact spaces are singular with respect to 
N. We have recently learned that Jastchenko has given a counterexample, so the answer 
is negative. Also it is possible, in CH, to construct a nonsingular compactification of W 
whose remainder is ,L7N (note that PlV has countable r-weight). 
It is still an open question whether each compact dyadic space or, as a special case, a 
compact group [ 111, is singular with respect to N. The case for compact, zero-dimensional 
Abelian groups follows from Theorem 2.3 by a theorem of Ivanovskii [lo] and Kuz’mi- 
nov [l l] to the effect that any compact, zero-dimensional (infinite) Abelian group is 
homeomorphic to D”‘, for an appropriate cardinal m. (These results are discussed in [8, 
pp. 95-98, 106, 423-4241.) 
3. Singular compactifications of zero-dimensional spaces 
Now we want to prove that products of compact metrizable spaces are singular with 
respect to a large class of spaces. We need some preliminary results. 
If X is a topological space and 4 a cover of X, then for any subset A of X, we 
put, as usual, St(A,G) = lJ{U E G: A n U # 0}, and we abbreviate St({x},G) by 
St(z, $7). If p is a (pseudo)metric on X, we put, for z E X and T E !R+, B,(z, r) = 
{Y E X: P(GY) < r-1. 
Lemma 3.1. Suppose X is compact, A c X is closed and metrizable, and X \ A is 
zero-dimensional. Then there exists a sequence of open covers {Cn},L<w of X satisfying: 
(i) Each C, isJinite. 
(ii) For each n E W, Cn+l is u star-refinement of C,. 
(iii) If V E C, and does not intersect A, then V is clopen and V n U = 0 for all 
other U E C,,. 
(iv) If &, = {U E C,: U n A = 0}, then E, c En+1 for all n E N. 
(v) Ifx E A then (&_ St(x,C,)) n A = {z}. 
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Proof. Let d be the metric on A and, for each z E A let Dn(x) be an open set in X 
such that On(x) Ti A = B,l(z, l/n). WC construct C,, inductively. 
Let D1 (xl), . , D1 (zk) b e a finite cover of A and let Et be a clopen set in X 
containing the complement of Us=, D1 (x3) and disjoint from A. Put Cl = {Et, Dl(x1) \ 
El,. . , D,(zk) \ El}. Then Et = {El}. 
Now suppose that C, has been constructed. Let E, = /J{U: U E &,} and F7,, = 
C, \ &,,,. Also let F, = U{U: U E Fn}. Let V be a star-refinement of 3, which is 
a cover of the compact clopen set F,,. For each IC E A let V, E V be chosen so that 
3: E V,, and let IV, = V, n Dn+l(z). Let H = F, \ U{Wz: z E A} and let G be 
a clopen subset of F, which contains H and misses A. Then {WZ \ G: x E A} is a 
cover of F,, \ G. Let W be a finite subcover of this cover. Now the cover of G given by 
{VnG: V~VandVnGf0)h as a finite refinement by disjoint clopen subsets of 
G. Call this refinement G. Finally put &+I = &,, U s U W and so &+I = &, U G. 0 
The following is an analog of Sierpinski’s theorem with metrizability replaced by 
compactness: 
Theorem 3.2. Suppose X is compact, A c X is closed and metrizable, and X \ A is 
zero-dimensional. Then A is a retract of X. 
Proof. Let {Cn}n<w be a family of covers of X satisfying the conditions of the previous 
lemma. By (ii), we can define a pseudometric p on X such that, for each z E X and for 
each n E N, one has 
B,(x, 2-(“+‘)) c St(z,C,) c B,(z, 22,,). 
If Y is the quotient metric space and f : X + Y is the natural map, then f is clearly 
continuous. Thus Y is compact and f is closed. By (w), fly is injective, so, by com- 
pactness, is a homeomorphism. Also, by (iii) and (iv), p(lJnTL<w E,,) is countable and 
discrete. One has X = (&_ E,,) U f-‘(f(A)) w h ere the union is disjoint. In fact, if 
x @ Un<w En, then St(x,C,,) n A # 8 f or each n E N. So, for every n, there exists 
yT1. E A such that p(x, yin) < 2-n. This implies that the distance of f(x) and f(A) is 0 
and, since f(A) is compact, hence closed, f(x) E f(A). Therefore, Y is a metrizable 
space which is the disjoint union of a countable discrete space and a compact space. By 
the previously mentioned theorem of Sierpinski, there is a retraction s : Y + f(A). Now 
let g be the inverse of fly. It is then easy to verify that g o s o f is a retraction from X 
onto A. ~1 
And now we have the promised generalization of the result about remainders of N. 
Theorem 3.3. Let X be zero-dimensional and locally compact. If aX is a compactifi- 
cation of X whose remainder is homeomorphic to the product of compact metric spaces, 
then aX is singular In other words, all products of compact metric spaces are singular 
with respect to the class of zero-dimensional, locally compact spaces. 
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